Abstract. We consider the random walk loop soup on the discrete half-plane Z × N * and study the percolation problem, i.e. the existence of an infinite cluster of loops. We show that the critical value is smaller or equal to 1, conjecture the strict inequality, give examples of two-dimensional periodic lattices on which the inequality is strict and show that there is no percolation at criticality.
Introduction
We will consider discrete (rooted) loops on Z 2 , that is to say finite paths to the nearest neighbours on Z 2 that return to the origin and visit at least two vertices. The rooted random walk loop measure µ Z 2 gives to each rooted loop of lengths 2n the mass (2n) −1 4 −2n . It was introduced in [8] . In [6] are considered loops parametrized by continuous time rather than discrete time. µ Z 2 has a continuous analogue, the measure µ C on the Brownian loops on C. Let P t z,z ′ (·) be the standard Brownian bridge probability measure from z to z ′ of length t. Let p t (z, z ′ ) be the heat kernel
µ C is a measure on continuous time-parametrized loops on C defined as
where dz∧dz 2i
is the standard volume form on C. The measure µ C was introduced in [9] .
Given c > 0 we will denote by L for the loops of diameter smaller or equal to δ.
We will consider clusters of loops. Two loops γ and γ ′ in a Poisson ensemble of discrete or continuous loops belong to the same cluster if there is a chain of loops γ 0 , γ 1 , . . . , γ n in this Poisson ensemble such that γ 0 = γ, γ n = γ ′ and γ i and γ i−1 visiting a common point. For all c > 0, loops in L Z 2 c as well as in L C c form a single cluster. Thus we will consider loops on discrete half-plane H = Z × N * and on continuous half-plane H = {z ∈ C|Im(z) > 0}, mainly from the angle of existence of an unbounded cluster.
The percolation problem for Brownian loops was studied in [13] . It was shown that for c . In [1] there is a proof that in the setting of independent Bernoulli percolation enhancements lower strictly the critical parameter. In our case the diameter of loops is not bounded. Moreover it was observed in [2] that the proof in [1] contains a gap, and it was closed only for limited situations. Yet we conjecture the strict inequality:
In section 3 we consider the lattice Z 2 where we add a fixed number of intermediate vertices on each edge and consider the corresponding loop soup as defined in [6] . Let N ≥ 1. Z 2 N be the set
The elements of Z 2 N are vertices and the edges join the pairs {( Let p (N ) (z, z ′ ) be the transition probabilities of the nearest neighbour random walk on Z 2 N . Let ε ∈ {−1, 1}. The transition probability from (
be the Poisson ensemble of intensity cµ In section 4 we will again deal with loops on H. We will also consider the loops on whole Z 2 up to a diameter δ, that is to say L Z 2 ,≤δ c . These loops form infinitely We will call the event
) special crossing event with exterior rectangle Q ext and interior rectangle Q int . We will also consider translations and rotations of Q ext and Q int and deal with special crossing events corresponding to the new rectangles. We are interested in the event
) because then the loops in L Qext,≥δ c achieve the three crossings drawn on the figure 3: Next we show that if c > 1 and δ small enough then the probability of c ) n≥0 is independent. By Brownian scaling, the probability that the loop in L
of duration comprised between 1 2 and 1 intersects R. This is at least as big as the similar probability for L (0) c . Since the latter probability is non-zero, the intersection events occurs a.s. for infinitely many of L 
Proof. It is enough to show that the probability of each of the C i (L Qext,≥δ c ) converges to 1 as δ tends to 0. Since the three cases are very similar, we will do the proof only for
Thus there is a chain of loops
, with
) is satisfied.δ is a well defined random variable with values in (0, +∞). Then
Let δ > 0. We consider the percolation by Brownian loops on H when the "small" loops are removed, that is to say the clusters of L
has infinitely many clusters for all c > 0, but there is a phase transition for the existence of an unbounded cluster. Moreover the critical value of c does not depend on δ because a change of the value of δ is achieved through a change of scale. We prove that this phase transition happens again at c = 1. We will use a block percolation construction that will also appear subsequently in the proof of theorem 1. Assume that c > 1. We consider a depend edge percolation (ω δ (e)) e edge of H on the discrete half plane H. If e is an edge of form {(j, k),
achieves a special crossing event with exterior rectangle (3j − 1, 3j + 5) × (3k − 3, 3k) and interior rectangle (3j, 3j + 4) × (3k − 2, 3k − 1). If e is an edge of form {(j, k),
achieves a special crossing event with exterior rectangle (3j − 1, 3j + 2) × (3k − 3, 3k + 3) and interior rectangle (3j, 3j + 1) × (3k − 2, 3k + 2). ω δ is a 1-dependent edge percolation: if two disjoint subsets of edges E 1 and E 2 are such that no edge is adjacent to both E 1 and E 2 , then (ω δ (e)) e∈E1 and (ω δ (e)) e∈E2 are independent. This is due to the fact that the subsets of loops involved in the definition of special crossing events for edges in E 1 and and edges in Let
According to lemma 2.4, if δ is small enough, p δ is close enough to 1 forp(p δ ) to be strictly greater than But the probability of an unbounded cluster does not depend on δ. Consequently this is true for all δ > 0.
Next we recall the result on approximation of Brownian loops by random walk loops from [8] . Let N ≥ 1. Consider the rescaled grid 
Let θ ∈ ( and L C c such that except on an event of probability at most cste · (c + 1)r 2 N 2−3θ there is a one to one between the two sets
such that given a discrete loop γ and the continuous loopγ corresponding to it:
We need to show that the above convergence for the uniform norm also implies a convergence of the intersection relations, that is to say that
Let j ∈ N Let γ be a continuous path on C (not necessarily a loop) of lifetime
If T r (γ) < +∞ let e iαr := γ(T r (γ)) r Let I j be the real interval
−j
For 0 < r 1 < r 2 let A(r 1 , r 2 ) be the annulus A(r 1 , r 2 ) := {z ∈ C|r 1 < |z| < r 2 } For r > 0 let HD(r) be the half-disc
We will say that the path γ satisfies the condition C j if
2 ) I j at a timet j before hitting the circle S(0, 2 −j ) • On the time interval (T 2 −j−1 (γ),t j ) γ stays in the half-disc e iα 2 −j−1 HD(2 −j ) • From timet j the path γ stays in the annulus A( −j than the path (γ(s) + f (s)) 0≤s≤tγ disconnects the disc B(0, 2 −j−1 ) from infinity. Moreover the disconnection is made inside the annulus A(2 −j−1 , 2 −j ). 
s ) 0≤s≤t2 be two independent standard Brownian bridges from z 1 to z 1 and z 2 to z 2 respectively. On the event that b
(1) intersects b (2) there is a.s. ε > 0 such that for all continuous
Proof. Let T < +∞ conditional law of (b
is absolutely continuous with respect the law of a Brownian path starting from 0. From lemma 2.7 follows that the path (b 
, 2 − ), so the two must intersect.
From lemmas 2.6 and 2.8 follows:
Corollary 2.9. Let c > 0 and δ > 0. As N tends to +∞ the random set of interpolating continuous loops
alongside with the intersection relations 
defined in a similar way as the events
). (see figure 2) . We are interested in having all three crossing represented on figure 3. From corollary 2.9 follows that
Then we can define a 1-dependent edge percolation on H, similar to the one used in the proof of proposition 2.5 , using the blocs of loops in L 1 N Z 2 ∩H,≥δ c (see figure  4) . Each open edge of this 1-dependent percolation corresponds to the realisation of the three crossings represented in figure 3 by the loops of L 1 N Z 2 ∩H,≥δ c inside a rectangle isometric to Q ext This 1-dependent percolation will contain a supercritical i.i.d. Bernoulli percolation on H, hence the blocs of discrete loops will percolate.
Example of lattices on which the critical parameter is < 1
We consider the loops on the lattice H N (see figure 1) . We want to show that for N large enough c )) is given by the Laplace transform
See [6] , section 4.1, page 45.
As N tends to infinity and the intermediate vertices between z and z ′ get more dense, the traces of loops in L
on the interval joining z to z ′ approximate the one-dimensional Brownian loops on the interval of length 1 joining z to z ′ . See
restricted to the interval of length 1 joining z to z ′ converge to the clusters of these one-dimensional Brownian loops as well. The ensemble of Brwonian loops has an occupation field (local times) on the interval joining z to z ′ , which is a continuous process, and the clusters of the Brownian loops are delimited by the zero set of the occupation field (see [11] , section 4.2, particularly proposition 4.7) The joint distribution of this occupation field at the two endpoints in z and z ′ is given by the Laplace transform (3.1). Coditionally on the two values at extremities, the occupation field is a bridge of a squared Bessel process of dimension 2c (see [11] , section 4.2, particularly proposition 4.5). We sum up all this in the following lemma: 
Proof of theorem 2. Squared Bessel processes of dimension 2 or greater don't hit 0. Thus
Then for N large enough p 
be the space of all possible configurations of loops in Z 2 of diameter less or equal to n respectively equal to n
c,s creates a connection from 0 to ∂B(r) Let P 
,≤n , the range of γ is contained in the range of f n (γ), and such that f n commutes with the translations, that is to say that if
≤n . We will explain how f n (γ) is constructed. Let e 1 be the unit vector corresponding to the first coordinate. For j ≥ 0 define j := max
and by triangle inequality
Thus the set {j ∈ N|d j = n + 1}
is non-empty. Let j be its minimum. j ≥ 1. We define f n (γ) as the loop
That is to say we add a horizontal excursion from z 0 to z 0 + je 1 and back to z 0 . Clearly f n (γ) defined this way belongs to L Z 2 ,=n+1 , its range contains γ and the map commutes with translations. Moreover f n is injective. Indeed to reconstruct γ we only have to erase the first excursion outside the starting point of f n (γ).
Proof of proposition 4.1. We will show the inequality (4.1) using the identities (4.2) and (4. µ Z 2 ({γ}) and a 2 := min
Since f n commutes with translations a 2 is well defined and lies in (0, +∞). We have γ∈L Z 2 ,≤n µ Z 2 ({f n (γ)})P f n (γ) ∈ P Since f n is injective this means that ∂ ∂s θ r (c, s) ≥ a 2 e −sa1 ∂ ∂c θ r (c, s)
Our strategy to prove the theorem 3 will be to show that whenever the loops in L H c percolate, with high probability inside a large rectangular box there is a long crossing connecting two opposite short sides and it is created by random walk loops with an upper bound on their diameter of the same order as the size of the box.
Given c, δ > 0 and A, A 1 , A 2 ⊆ Z 2 we will denote by P A,≤δ c (A 1 ↔ ∂A 2 ) the probability that a cluster of loops in L A,≤δ c connects A 1 and A 2 . We will replace A 2 by ∞ to denote a connection to infinity and erase the exponent ≤ δ if there is no upper bound on diameter of loops. The symbol will signify the absence of connection. We will use the notation A 1
A3
↔ A 2 to signify the connection between A 1 and A 2 by a path contained in A 3 . Let Λ n := {−3n, . . . , −1, 0, 1, . . . , 3n} × {1, . . . , 4n} ⊆ Z 2 ∂ l Λ n := {−3n} × {1, . . . , 4n} ∂ r Λ n := {3n} × {1, . . . , 4n}
∂ u Λ n := {−3n, . . . , −1, 0, 1, . . . , 3n} × {4n} Applying Harris-FKG inequality we get that P
